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Abstract: The operators Hf(z)=H, f(z)= j—i(z"jf(g“)d(j were

considered in [11] with non-negative integers p,q €[l . Here they are considered
with parameters p<g+1 in the space S of the polynomials with complex
coefficients or in the space 4, of functions analytic in neighbourhoods of the origin.

Power series description of the commutant of powers H® of H is given and then the

question about the minimal commutativity of H° (in the sense of Raichinov [13]) is
discussed.

Key words: commutant of linear operator, minimal commutativity

JEL: C65, C69

KOMYTAIIMOHHU CBOMCTBA HA CTEIIEHH HA OIIEPATOPH OT
CMECEH THUII HOBUIITABAIIIK CTEIIEHUTE

Jou. 1-p Mupsina C. XpucroBa
Kareapa MaremaTuka
YHuBepcHTET 32 HAIMOHAJIHO U CBETOBHO CTONMAHCTBO
Codus, bbarapus

d” r
Pestome:  Omneparopure  Hf(z)=H, f(z)= ) z"_[f(é’)dé’ Os1xa
' z
0
pasrienanu B [11] npu HeoTpuuaTtenHu Leno4uciaeHu napamerpu p,q €l . Tyk te
ca pasriieaHu 3a ciaydas p<qg+1 B NOpOCTpaHCTBOTO S Ha TMOJIMHOMHUTE C
KOMIUIEKCHU KOS(PUIIMEHTU UM B IPOCTPAHCTBOTO A, Ha (QYHKIMUTE, AaHAIUTUYHH B

OKOJIHOCTH Ha KOOpJIMHATHOTO Hauajno. JlaieHo € omnucaHue Ha KOMYTaHTa Ha
crenean H® wWa H dpe3 CTENEHHUW pelaoBe M € JUCKYTHPaH BBIPOCHT 3a
MUHUMAaJIHATa KOMYTaTUBHOCT Ha H* (B cMuchI Ha PaitunnoB[13]).

KarwuoBu AYyMHU: KOMYTAaHT Ha JIMHCCH oneparop, MHHHMaJIHa
KOMYTATHBHOCT.
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1. Introduction

The commutational properties of linear operators are important not only in the
functional analysis, but also in other fields of mathematics and also in different fields
of physics, in particular the quantum physics, when the commuting of two operators
could mean the possibility of simultaneous measuring of some quantities related to
them. Commutation could be used also in other sciences.

Let 4, be the space of functions analytic in neighbourhoods of the origin or its

subspace S of the polynomials of the complex variable z €[] . We want to consider a

generalization of the usual operator of integration j f(&)dS multiplying it by a non-
0

negative power z? and then differentiating p times, i.e. we consider the operator of
mixed type
d’ z
() =H,,f() = ([ f©)dc ). pger.. ()

In [11] the commutational properties of the operator A in the case p<q+1

were investigated, and here similar results will be proved for arbitrarily fixed power
H’, s>1, of the operator H .

It is suitable to represent first the action of the initial operator H on a single
power z*:

HZ* Zﬁ(k-i-q+1)((k+q+1)—1)...((k+q+1)—p+1)z(k+q+l)p.
+

Denoting @ =q— p+1, we have @ >0 and can write
1 (k+q+1)!

HZX =a % a, = #0, a=g—p+1>0. 2
¢ CThkrl (kra)! -r @)
Now an arbitrary power H* of H acts on z* as
1 D!
HZ" =aa,,,..a,, 2" a= L (*gxD! #0. (3)
I+1 ([+a)!

In order to avoid writing the long products in (3) we will use a short representation
denoting them by one letter:

I ([+g+1)!
B =aa,,, s G mw # 0. 4)
and then we can write simply
— 1 (I+q+1)!
H'ZF = zk”a, = a , @, =————"%#0,. 5
ﬂk ﬂk lz:o[ k+(t-Da I I+1 (l+0()! ( )

In fact, if y(z):Zbkzk is an analytic function from 4, with coefficients
k=0

® 0
b, = y—f) , then we have the short representation

Hy()= Y b A (©)

with S, from (4) and (5).
Let us give some definitions:
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Definition 1. It is said that a continuous linear operator L commutes with a
fixed operator M , if LM = ML . The set of all such operators is called the commutant
of M and will be denoted by C,, .

Definition 2. It is said that a continuous linear operator 7' is generated by an
operator M ,if T is a polynomial of M with complex coefficients, i.e. T = Zan ",

n=0

d, e[l . The set of all operators generated by M will be denoted by G,, .

Obviously every operator 7', which is generated by M, i.e. T €G,,, also
commutes with M, i.e. TeC,,, and hence G, <C,,. The opposite inclusion
G, o C,, is, in general, not true. Therefore the following definition is natural:

Definition 3. (Raichinov [13]) An operator M is called minimally
commutative if G,, o C,,, i.e. if the commutant C,, consists only of operators T
generated by M and hence if C,, =G,,.

In our case the operator M will be the s-th power H* of H defined by (5)
and (6). In this paper we describe first the commutant C, . in the space 4, of the

functions analytic in (possibly different) neighbourhoods of the origin z=0 in the

complex plane [J . Next the question about the minimal commutativity of H* in the
sense of Rajchinov [13] will be considered.

Let us note that descriptions of commutants are made by many
mathematicians. In the references of this paper we have included only a very small
part of the publications related to the commutants of operators similar to the one
considered here, see e.g. [1, 2, 3, 13, 14, 15, 4, 6, 7, 8, 9, 10, 11, 5, 12, 16, etc].
Additional huge number of publications related to commutants can be found in the
bibliographies of the cited monographs.

2. Description of the commutant

Here we describe the commutant C, . of an arbitrarily fixed power H® of the
».q» defined by (1) or (2):
Theorem 1. Let H = H, , be the operator defined by (1) and (2), i.e.

operator H = H

(@) =H, ,y() = ( ff(é”)dé) pael a=g-p+1>0

Hy(z)=> X ( ) with g = KraFrDl_,
=0 k+1 (k+a)!
Then a continuous linear operator L: 4, — A4, commutes with an arbitrary power H*

of the operator H given by (5) and (6) if and only if it has the form
[%}'a#—sa—l ﬂmfsaf s ﬁ [ k }

m

Ly(z)= 3 b, . e—c [, . ", (7)
2 2 By, el

sa
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(k)
where b, = y_(0)

and the complex numbers ¢, , can be arbitrarily chosen for

indices 0<k<sa—1 and m=0,1,2,..., but such that the series in (7) converges in

some neighbourhood of the origin z =0 of the complex plane [] .
Proof: We will look for a power series description of the action of an arbitrary
operator L of the commutant C, .. Therefore we suppose that the operator L acts on

an arbitrarily fixed power z* as a power series
0
k _ m
Lz" = Z Com? (8)
m=0

with unknown complex coefficients c, , .

First we express separately the two sides LH°z* and H°Lz' of the
commutational property LH* = H’L for an arbitrarily fixed power z* using (5):

00 o0
s _k _ k+sa _ m __ m

LH z" = Lﬁkz - IBk Z ck+sa,mz - Z ﬂkckJrsa,mZ (9)

m=0 m=0

0 00 00
k _ m __ m+sa __ m

HLz" = HZ ComZ = z ck,mﬂmz = z ChmsaBusaZ - (10)

m=0 m=0 m=sa

We modified the index m in the last sum in (10).
Now we will use the identity theorem about the series expansion of analytic
functions and will equate the coefficients of the powers z” in (9) and (10).

The first observation is that in the case 0 <m <sa -1, one has S, =0.

Ck+sa,m

Since f, #0, if k+sa is replaced by £k, it follows that
Cem =0 fork>sa,0<m<sa-—1. (11)

Next, in the other case m2>sa it follows that B¢, . . =¢ . B, and

—sa

replacing k +sa by k, we obtain the following important recurrent relation:

,m = ﬁm_sa ck—sa,m—sa
ﬁk—sa

Now we can use this recurrent relation (12) to express an arbitrary coefficient

¢, With indices k>sa and m=sa by some coefficient ¢, ,, where either

c, for k > sa, m > sa.

O<m<sa—-lor 0 u<sa-1.

Let us use the standard notation [A4] for the integer part of a number 4. In

particular, {i} is the quotient and & —{i} sa 1s the remainder when £ is divided
sa sa

by s .

In the case [ﬂ} < {L}, the recurrent formula (12) can be applied {ﬂ}
sa sa sa

times and then

c _ ﬂm—sa c _ ﬂm—saﬂm—b‘a —
k,m — k-sa,m—sa k-2sa,m-2sa
ﬂk—sa ﬂk—saﬂk—Zsa
ﬁm—sa e ﬂ |: m }
m—-| — |sa
sa

o ¢ (13)
ﬂk—sa e ﬂk[’"}m k—[a}sa,m—[g}a

sa
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In this case 0 <m —{—} sa <sa—1, i.e. the second index is the remainder when m
s

sa

is divided by sa. Then by (11) the coefficient ¢ [m} [m} must be zero.
k—| — |sa,m—| — |sa

Therefore, using (13), one has

¢, =0, for {ﬂ} < {i} (14)
' sa sa
m k k| .
In the other case, when | — |>| — |, one can apply | — | times the recurrent
sa sa sa
formula (12) to get
_ ﬂmfsa c _ ﬂm—saﬂm—z.va _

ck,m - k-sa,m—sa k-2sa,m-2sa
ﬂk—sa ﬂk—saﬂk—Zsa

Bosa-B 14
_[ }sa

m

sa

T € s (1 (15)
P by, lzelih

sa

sa
Let us combine (14) and (15) as

This time the first index & — [i} sa 1s the remainder when £ is divided by s« .

0 for | — |<|—|,

c, :<ﬂm-sa"ﬂm_['f}a _ . L6

C
Bisa--B 4 k_im’m_é
ozl

v
|

for | —
}a

k—
sa

Now let us comment this important formula:
1. All coefficients c, ,, with 0<k <sa—1 can be chosen arbitrarily,

and then
2. All other coefficients c,,, with k2sa are either equal to zero or can be

k
expressed by some of the arbitrarily chosen c, , with 0 <=k —{—} sa<sa—1,
' sa

uzm—[i}sazo.
sa

The recurrent relation (16) allows to give the following representation of the
action of the operator L from the commutant C, . on a single power z*:

i
. o]

Lz = Z". (17)

> TSRS RE:
o S PP ], et

Finally, the action of an arbitrary operator L € C,, on any analytic function

y(z)= Zbkzk € 4, is
k=0
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Ly(z)=LY bz" =) b Lz* =
k=0 k=0

Brsa B 14
- | £ s

sa

b, ¢ o | (18)
k=0 m:[i}a ﬂk—sa . ﬂ {k }sa La} ’ La}

; k= —
sa sa

Interchanging the summations, this can be written also as

AN By I
Z] o

sa m—

m

Ly(2)= b. A
mz=(:) k=0 ﬂk—sa .. ﬂ [ P }Sa k—[a}sa,m{g}a

k—|

This is in fact the desired representation (7) of the commutant C;, of the s-th power

H* of the operator H .
Thus, we proved the necessity, i.e. if L € C,,, then the operator L must be of
the form (7).

Now, let us check the sufficiency, i.e. if an operator L has the form (7), then it
commutes with the operator H*,i.e. LH' =H"L.

It is enough to verify this for all powers ¥, k=0,1,2,..., since they form a
basis in the space 4, of the functions analytic in neighbourhoods of the origin z =0
of the complex plane [J . In fact, for arbitrarily fixed & we can use the representation
(17) instead of the general expression (7) and it is needed to check that
LH'z* = H'Lz" . First, the representation of H*Lz" is

BrareP
)

m—|

sa

Ht= S g e
R

a ke~

©

sa

A replacement of m by m— s« is suitable for future comparison:

Bsa B rhisa
] K00

sa

H'Lz" = .
T A A, el

" (20)

k
sa sa

Next, the representation of LH'z" is
LHSZk — L(ﬂkaJrsa) — ﬂkLZk+sa —

ﬂm—sa ﬂ k+sa
£

sa

0

=5, 2" @D

k+sa
k+sa —[
sa
k+sa
sa

m=[k+80! }a IBk+sa—sa te ﬂ 7[k+sa }a

and after canceling the first factor in the denominator with S, in front of the sum it is

obvious that (20) and (21) are one and the same. Thus H’Lz" = LH’z" for arbitrary
power z* and the sufficiency of (7) is also proved.
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2. Minimal commutativity

In order to investigate if an arbitrary power H* of the operator H , defined by
(1), about minimal commutativity in the sense of Rajchinov [13] (our Definition 3), it

is needed to describe the operators 7' generated by H’:
Theorem 2. If T = Zdﬂ (H")' = ZdﬂH " eG,, is an operator, generated by
n=0 n=0

the operator H* (defined by (5) or (6)), then its action on the powers z* has the form

TZF =d 2" + Z[dﬂH Bira jzk (22)

n=1

Proof: H"z" has the following expression:

ns _k __ k+nsa
H"z" = ﬁkﬂkﬂa "‘ﬂk+(n—l)saz
Therefore

TZk — zdanSZk — dOZk +d1ﬂkzk+sa +d2ﬂkﬂk+sazk+2sa +

n=0

+"‘+dnﬂkﬂk+sa . ﬂk+(n l)sa k*’”“ _d z +Z(d Hﬂk+tsa ]Zkﬂma’ (23)

which is the desired representation (22).
One can immediately describe the action on any analytic function y € 4,:

Theorem 3. If T = Zdn (H")" = ZdnH " e Gy, is an operator, generated by

n=0 n=0

the operator H* and y € 4,, then

0 (m) [ . } (m Isar)
) =3 2Dy, + Z( Oy [16..0c )d J (24)

m! (m—Isa)!

m=0

Proof: From Theorem 2

(k) n—1
o) = Zy (O)Tk Zy (0>[ +Z[d i ﬂ}} 25)

(m) (0)

If b, = ,k=0,1,2,..., be a short notation of the coefficients of y, then we can

represent (25) in a different way which is more convenient for future comparison. We
can gather the equal powers of z at one place as follows:

Ty(Z) = Z bme + Z (bl7z—Lsaleﬂl7z+tsaj Z
m=0 1=1 t=1

This is in fact the desired representation (24).
The main theorem in this section is a necessary and sufficient condition for

minimal commutativity of H”:
Theorem 4. Let H =H, & be the operator defined by (1) and H® be an

arbitrary power of H presented in (5) and (6). Then the operator H® is minimally
commutative if and only if sa =s(¢g—p+1)=1,1.e when s=1and p=gq.
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Proof: Instead of considering the action of the operator H® on an arbitrary
function y € 4,, given in Theorem 1, it is enough to fix arbitrarily an integer & and to

compare the representation (22) of 7z° from Theorem 3 with (17), which is an
expression of Lz* from the description of the commutant:

Prsa--B 14
B

m—

LzF =

> TS .z (27)
m:[i}a ﬂk—sa"'ﬂ [k}a La} ’ [soj

=
sa

If sa > 2, note that for 0<k <sa—1 and 0<m < sa—1 only the power z* in
the description of the generated operators (22)

0 n—1
2" =dz* + ) {dﬂ 1155 Jzk“”“ (28)
n=1 t=0
could have a coefficient d, different from zero, while all (sa)’ >4 coefficients Cpm

in (27) could be chosen arbitrarily, in particular different from zero. This shows that

If sa > 2, then the general operator H’ is not minimally commutative.
Hence H could be minimally commutative only in the case sa =1. In this

case we want to check whether Lz* has the form of 7z* for arbitrary k . One has

L = z—ﬂm—l S (29)
m=k k-1 ** -ﬂo

0 n—1
' =dz" + Z(dnH B... Jzk (30)
n=1 t=0

Replacing k+n by m, (30) becomes
0 m—k—1
T2t =dyz" + ) (dm_k I1 5. jz'" (31)
m=k+1 t=0
Now we can equate the coefficients of the equal powers z", m=k,k+1,... in (29) and
(31) and after cancelling the common factors we obtain the following system:

Coo = d,

Cop = d,pB,

Cop = d,B,B,

Cos = d.pp, .- B,

In fact, these equations allow solving with respect to d_, s=0,1,2,..., and we
can write the following formulae relating the arbitrarily chosen coefficient ¢, in the
description of the commutant CH.\. with the coefficients d in the description of the

generated by H* operatorsin G, . :
1

Cos =d BB B, dy= Co,‘vma
0/71°°Hs—1

These formulae do not depend on the arbitrarily chosen £ and thus:

s=0,1,2,...
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In the case sa =1, i.e when s=1 and p=gq, any operator L from the

commutant CH,, can be treated as an operator generated by H’, i.e. LEGH”

C e GHS and the operator H’ is minimally commutative.

4. Final remarks

We made the description of the commutant in the space A4, of the functions

y(z)= Zbkzk analytic in a neighbourhood of the origin. In this case the coefficients
k=0
1 ([+g+1)!
B =aa,., sy BT T 0

"I (ra)!
from (5) satisfy limsupf/| B, | <o since the radius of convergence of the series is
k—o
positive
1
R=——->0
limsup 41 3, |
k—
and then
limsup 4/| b, 5, | <limsup{/| b, |.limsup /| 5, | < .
k—o k—o0 k—w

This observation shows that the series in all descriptions are convergent in the
space A, under the restriction the arbitrarily chosen ¢, ,, 0<m<sa-1, to be

bounded by a constant, or more generally, to have such a growth with respect to &
which ensures convergence in (8).
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